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Abstract

We consider here the problem of building a regression tree when the response vari-
able is a curve. Following the work of Yu and Lambert (1999), we give a detailed
analysis of an extension of regression trees to the functional case. The conditions
required for the criterion to be used to construct the tree model in the functional
context is discussed. This extension is applied to an oceanological problem where
the objective is to predict the shape of salinity profiles using several explanatory
environmental variables. Functional PCA is proposed in order to enlighten the in-
terpretation of the tree-based model. Finally, bagging procedure allows to increase
the accuracy of the functional regression tree and leads to a more stable model
although the tree structure is lost.

Key words: functional regression tree, bagging, functional PCA, Legendre
polynomials, aggregated model

1 Introduction

Many substantial recent works have been carried out in functional data analy-
sis involving various fields of applied statistics (see Ramsay and Silverman,
1997, 2002 and references therein for a general overview). Particular attention
has been focused on the regression of a real response variable Y given some
functional predictive variable X, both in a parametric and a non-parametric
framework (Cardot et al., 1999, Ferraty and Vieu, 2004). The reader can have

Preprint submitted to Elsevier Science 31 January 2006



a good overview in Ferraty (2003) about the different approaches and recent
advances in functional data analysis.

In this paper, we seek to predict a functional response variable Y given a p-
dimensional predictive random vector X whose components are real or discrete
or both. In other terms, our aim is to estimate a regression procedure f (-) =
E(Y/X =) where Y is a random function taking values in some space of
infinite dimension. The estimation of f (-) is tackled through an extension of
regression trees (CART, Breiman et al., 1984, Hastie et al., 2001).

Regression trees are statistical models concerned with the prediction of a real
response variable Y given a set of real predictive variables X. Starting from a
set of n i.4.d. observations {y;,x;},_, , of (Y, X) € RxRP, they are constructed
by partitioning the X space into a set of hypercubes and fitting a simple model
(a constant) for Y in each of these regions. The model is in the form of a binary
tree containing ¢ terminal nodes (the regions r) where a predicted value of Y
is given. The construction of a tree-based model, the way to select the splits
and the measure of the accuracy are achieved using the following criterion
called deviance defined for each node r of the tree as:

R(r)=3 (4:=7)° (1)

X; €T
where 7, is the average of the observations of Y belonging to the node r. These
models have been widely studied in machine learning and applied statistics
and present many advantages like their representation in a form of a binary
tree, working in high dimension and variable ranking.

The extension of regression trees to a multivariate response variable has been
first proposed by Segal (1992) for the case of longitudinal data. He considered
the observations of the response variable Y, a curve sampled on an equally
spaced grid, as a vector y; = (Y1, ..., Yim) . The immediate generalization of
the criterion used to select the splits came with :

R => (yi-¥.)%S " " (vi—¥,)

X; €T

where y, is the m x 1 vector of response means for observations within the
node r and ¥, the covariance matrix of the responses for region r. The main
difficulty arising with this extension of the deviance is that we must ensure
that when splitting a node r in two subnodes r; and ry, the total within
subnodes deviance must be lower than the parent node deviance, that is :

~

R(r) > R(r1) + R(ry)



To satisfy this constraint, the author assumed that the covariance of the ob-
servations within the parent node, is the same as the covariance of the obser-
vations within the both subnodes. Besides this assumption, he assumed also
that each realization of Y may be modeled by an autoregressive AR(1) model.
This second assumption, although hard, simplifies considerably the form of
the covariance matrix, and so its estimation within each node.

The second approach provided by Yu and Lambert (1999) consists in applying
a principal component analysis on the response matrix before constructing the
tree. Retaining a suitable number of principal components, a tree model is fit-
ted, taking advantage of the dimensionality reduction and of the filtering step
provided by the PCA. By this way, the stability of the predictor is improved.
Here, the criterion used to build the model is given by :

Ri=3(¢-2) (¢-¢,)

X; €T

where (; denotes a principal components response vector for which the di-
mension is attached to the number of principal components retained for the
analysis and ¢, is the mean response vector of observations belonging to r.

With sampled curves, both these approaches, may suffer from two major draw-
backs. Linear time series analysis involves strong hypothesis such as stationar-
ity which are difficult to check especially when dealing with response variables
strongly depending on the available predictive variables. The PCA approach
is highly related to the sampling strategy because the estimation of the covari-
ance matrix of the responses depends on the location of the sampling points.
Moreover, both methods do not account for situations where the response
variable arises as a set of sampled curves on an unequally sampling grid.

In the functional data context, this raises the difficulty on how to measure the
distances between observed curves in order to evaluate the splitting criterion.
For this purpose, Yu and Lambert (1999) proposed another interesting way to
construct trees. They presented each response curve as a linear combination
of smoothing spline basis functions and grew the tree using the coefficients of
this expansion. This leads to estimate the criterion as :

R)=Y (c;—%) ®(ci—T)

X; €T

where c; is the vector of coefficients of the expansion into the spline basis, €,
the mean vector of coefficients belonging to region r, and ® the matrix of the
inner products of the spline basis vectors. This method settles the problem of
irregular sampling but may be computationally expensive.



Following this idea, we present a unified approach available to the general
context of constructing regression trees when the response variable is a curve.
This study focuses on the properties required by the splitting criterion to build
a tree-based model.

The outline of our paper is the following. The next section reminds the main
steps of a tree building procedure and is extended to the prediction of a func-
tional response variable. We gives some remarks on the estimation and the
properties required by the criterion to achieve the construction of a tree. In
section 2 we propose to illustrate the predictive capabilities of the functional
tree on simulated data sets. Next, a case study is conducted on real data set
where functional PCA (Ramsay and Silverman, 1997) is used to improve the
interpretation of the results. Finally, we build an aggregated model in order
to test the stability of the tree. The last section gives the conclusions.

2 Functional regression trees

Let L = {(yi,x;), i =1,...,n} be a learning sample of n i.i.d. observations
such that each y; is an observation of the functional random response variable
Y valued in an Hilbert space on support [a,b] C R, H = L2 ([a,b]). Let (f, g)
denote the usual inner product of functions f and g in ‘H, defined by :

(F.o)= [ g0y

and let ||.|| denote the norm attached to this inner product. The p—variate vec-
tors x; = (4, ..., Tip) are observations of the random vector X = (X7, ..., X))
that we suppose, for the sake of simplicity, belonging to RP.

Our aim is to estimate the value of the response function Y, for an observation
of X, by designing a regression function on L :
fu(x) =E({Y/X=x)
where this regression function has the form :
q
fo(X)=>_ fil X er;)
j=1

where f; is a function belonging to H, the regions r;, j = 1,..,q are RP-
polytopes with boundaries parallel to the axis and form a partition of R?, ¢ is



the number of regions and [ (.) is the indicator function.

The construction of the model is done sequentially. Starting from the whole
set L, the space RP is split in two regions where an estimation of the function
Y is given. The split is realized using a binary rule over one component of X
and optimizing a criterion constructed with the y;’s. The splitting procedure
is repeated recursively on each of the two regions until some stopping rules are
applied. At the end, the space of the predictive variables is partitioned into ¢
regions 71,7, ...,7, Where ¢ is not fixed in advance. A set of binary decision
rules (the boundaries of each 7;) and a predictive curve f; are associated to
each of the terminal nodes 7;. This model can be displayed as a binary tree
T, containing a set T = {ry,7y,...,7,} of terminal nodes (sce Fig. 3 as an
example).

The predictor f;, (X) must accurately predict any new test sample. The accu-
racy of a functional tree-based model is measured as usual by the true mean
integrated squared error :

R(T)=E|Y ~ fr X)| (2)

This measure is directly related to the criterion optimized for the choice of
the splitting rule at each node of the tree. The heterogeneity of each node is
measured by the deviance of the observations it contains :

R(r) =" llyi — fr (x| (3)

X; €T
2.1 The splitting criterion

In this section we give details on the estimation of the deviance used to com-
pute the splitting criterion.

2.1.1 Node deviance and tree performance

The deviance within a node r having n, observations (3) is estimated as in

the univariate case using the average function 7, = — Z y; of the responses
T x;€er
within the node :

R(r)=3" |y =3I (4)

X; €T



For a given tree T', the total deviance (2) is estimated by :

R = S RO =15 Y w7l o)

Then, the estimator f; (X) of f, (X) that minimizes R (T)) is written :

fr (%)= Y90 (X &)

reT

As the tree T is grown using the observations in L, the predictor fL (x) as-
signs a prediction function 7, to new observation x falling through the tree
and reaching the region . The estimator given by (5) is known to be over-
all optimistic because it’s estimated over the learning data set L. It can be
replaced by a test samle estimate :

BrsM =23 % o Fto) (6)

reT Xj€Lrs

where Lrs = {(y;,x;), j=1,...,v} is the test sample following the same
distribution as the observations in the learning sample L.

If we do not have a test sample at hand, it’s possible to resort to a cross-
validation estimate of R (7).

2.1.2  Choosing the criterion

Starting with the whole sample L, consider a splitting variable X; and a
threshold s on this variable. Define the regions r, = {i =1, ...,n|z;; < s} and
ro = {i =1,...,n|x;; > s} such that r = r; Ury and r; N7y = &. The within
node sum of squares can be calculated in each of these half hyperplanes :

ﬁ(rl): Z Yi — Ty, 2andl3c(7“2): Z 2

X; €71 X;E€ET2

Yi — g’!‘g

For any split s belonging to the set S of all the candidate splits, r is subdivided
into r; and ry. Let AR (s,7) = R(r) — [R (r)+R (7’2)}.

The selected split s* of r into 7, and r, is the split which most decreases R (r) :



~

AR (s*,r) = max AR (s,7)

S

Thus, a functional regression tree is constructed by iteratively splitting the
nodes in order to maximize the decrease in the heterogeneity R (r), as in the
univariate case. The decrease in R (r) when splitting a region 7 into 71 and ro
is guaranteed because the following property is checked for any r :

2

y’l‘l - yT’Q

=~ B EN 1Mo
R(r) = R(n)+ R () + =22 |

(7)

This property arising from the decomposition of the inertia and the Huyghens
theorem, is verified because the criterion R (r) is a sum of squared distances.
However, it can be advisable to introduce other criteria to measure the rela-
tions between individuals belonging to a region r. For instance, if the response
variable Y is a density on support [a, b], the measure of heterogeneity into a
region r should be the generalized Kullback-Liebler divergence :

R(r)= 2> > Ky

X;Er X €T

with :

K (o) = [0 = 9y () 2

For any node r split into r; and rq, it still verifies :

R(’I“) > R(T1)+R(T2)

because of the concavity of the divergence. In this case, the prediction error
of the tree is estimated as in (5) and (6).

2.2 Approximation of the 1L.2-distances

The problem is now reduced to the calculus of (5). In most cases, data arise
from the observation at discrete points of a set of n curves. The classical
approach developed further is to choose a finite-dimensional basis and to find
the best projection of each sampled curve onto this basis. We consider here
the case where y; can be decomposed in terms of linear combinations of known
basis functions ¢, ..., ¢,, :



yi (1) = g: (8) + i (1)

where g; (t) = Y ¢;;0; (t)
=0

The function g; (¢) represents the predicted part of the sampled function y; (¢),
m is the number of basis functions and ¢; (¢) is a residual variation that can
be regarded as noise.

We now consider the sample L arising as a set of n couples (g;, x;), that is :

L= {(gi,XZ‘), = ]_, ,n}

As g; is a linear combination of basis functions, the predicted function 7, may
be approximated by :

where €y, ..., G,, are the mean values of the column coefficients of the n, func-
tions belonging to node r. Using this approximation in (4) leads to :

R(r) =3 llg =5, = tr (C,C,®)

X; ET
where :

-C, is the centred n, x m coefficients matrix of the n, functions belonging
to node r, C! denotes its transpose,

- ® is a m X m symmetric matrix which defines the metric associated
to the choice of the functional basis ¢, ..., ¢,,. It has entries ®;; = <¢Z-, ¢j>.
For instance, using orthonormal basis gives ® = [,, where [, denotes the
m—identity matrix. In other cases, it is possible to resort to numerical quadra-
ture or integration to evaluate ® (Ramsay and Silverman, 1997).

Finally, for the entire tree :

R(T) =~ Y R(r) = % St (C1C, )

reT reT

2
is straightforwardly approximated

In the equation (7) the distance ‘ Tpy = Tro

by |[€ — S, |5 where ||.]|4 is the norm in R™ for the ®—metric, the vector



€. = (¢1, ..., G ). contains the mean coefficients of the functions belonging to r.
The initial functional problem is reduced to a tractable multivariate problem.
This shows how the construction of a tree using functional data is equivalent
to multivariate regression tree with a particular choice of metric matrix &.
This ®—metric allows to consider the dependencies of different values of a
sampled curve, so called horizontal dependencies.

3 Simulations and application.

This section is devoted to the computational aspects of a functional tree con-
struction. Using simulations, we show that the extension to functional regres-
sion trees described in the previous section may retrieve the right model even
in the presence of significant noise in the data. An application to real data set
is studied.

3.1 Simulated data

Consider the following data set :

e varl,war2, var3 and var4 are four real vectors of size n, with entries ran-
domly sampled from an uniform distribution on [—1;1]. They form the set
of predictive variables.

e The observations y;,7 = 1, ..., n of the functional response variable Y raises
as a set of n sampled noisy curves ranging from—m to 7 on a grid {t1, ..., tx }
of unequally spaced points. They form the response matrix of size n x K.

The n sampled functions y; (t;) ,k = 1, ..., K depend only depend on var3 and
var4, following the model :

I y(tx) =sin(tg) + € () if var3 < 0.5 and vard < 0.5
IT y(tx) =cos(tx) +e(t ) if var3 < 0.5 and vard > 0.5 ®)
I y (i) = % in (% ) if var3 > 0.5 and vard < 0.5
IV y(t) = 3co (% ) if var3 > 0.5 and vard > 0.5

where ¢ is a centered Gaussian noise with variance ¢2. This model can be
displayed in the form of a binary decision tree (Fig. 1). We have fixed the
values n = 200, K = 128 and 02 = 1.

We choose to project each sampled curve onto a Fourier basis such that:



FALSE Vard>=0.5

Var3»>=0.5 Var3>=0.5

Fig. 1. Theoretical functional decision tree. Four functions are conditioned by a
sequence of nested rules constructed with 4 explicative variables. The sequence of
binary rules only concerns var3 and var4.

yi () = a0+ >_ajsinwjt + > b;cos (wjt) + &; (t)
=1 i=1

where the parameter w determines the period 27/w which is equal here to
27 and ¢; is a residual variation. The estimation of the 2m + 1 coefficients
o, a1, b1 ..., A, by, 1s achieved by least square fitting (Ramsay and Silverman,
1997, p. 44). The ®-metric is expressed as ¢'¢ where ¢ is a n x (2m + 1) matrix
of basis function values at the observation points with entries ¢, (tx). We fixed
the number of coefficients to five (m = 2) but higher values can be considered
with the condition 2m + 1 < n. Results of the fit are displayed on figure 2.

A learning sample L of size n = 200 is constituted with a 200 x 5 matrix
of response coefficients and with the four predictive variables. A tree T is
constructed and pruned with 10-fold cross-validation.

The optimal tree (3) has four terminal nodes and matches perfectly with the
true model (8). The splitting rules are retrieved and the model classifies cor-
rectly the entire set of observations. The same experience has been conducted
by constructing the tree on the n x K response matrix with the usual Euclid-
ean distance. Results showed that even if the splitting rules are well found,
the structure of the tree is more complex than the functional one, having
much more terminal nodes. Moreover, the learning was computationally more
expensive.
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Fig. 2. Random generation of functions in node I1I with o2 = 1. This graphic shows
on the left panel, the discrete sampling on k£ = 16 points and the expansion of each
sampled curve into a Fourier basis of dimension 5.

3.2 Case study in oceanology

We seek to predict the shape of salinity curves in a shallow marine lagoon,
submitted to strong perturbations such as freshwater inputs ejected from an
hydroelectric power station. These freshwater inputs contribute to the installa-
tion of a vertical salinity stratification of the water column that prevents oxy-
gen exchanges between the anoxic bottom seawater layer and the oxygenated
brackish surface layer. This anoxia involves a global fall of the biodiversity of
the ecosystem (Nerini et al., 2000).

We want to understand the relations between the salinity profiles and the
processes implied into the oxygen transfer from the bottom to the surface. In
other words, we hope to predict the shape of the salinity profiles using bottom
oxygen measures, freshwater flows and wind speed as predictors.

We dispose of n = 7332 hourly observations of salinity profiles measured at
sparsely vertical discrete points on an unequally spaced time grid from 1997
to 1999. The salinity has no dimension. As a reference, the mean salinity in
the Mediterranean see is 38. Each sampled curve has been estimated using a
Legendre orthonormal polynomials approximation (Gautschi, 2003) (Fig. 4).

An expansion into a Legendre polynomial basis of 8 coefficients is sufficient to
extract the main features of the data.
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var4>=50.4993

var3>£0.498 var3>=0.5054

time time

Fig. 3. Functional regression tree with simulated data (n = 200, k = 128, m = 2,
02 = 1). On this example, each observations of Y (grey curves) is well classified. The
black curves represent the predicted functions in each terminal nodes. As expected,
varl and var2 don’t appear into the splitting rules. The overall prediction error gives
R(T)=1.21.

depth (m)
i

salinity salinity

Fig. 4. Sample of 50 salinity profiles and corresponding Legendre polynomial expan-
sion. The observations of Y are displayed as vertical curves indexed by the depth

(m).
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Fig. 5. Display of the first three principal components of the functional PCA of
the dataset. The curves show the mean function (black curve) and the effects of
adding (+) and substrating (-) a multiple of each eingenfunction. Results show that
the structure of water column salinity is highly structured by the average. Few
variability is accounted for the shape variations of profiles (PC2,PC3).

The set L is then constituted by a response matrix of n x 8 coefficients of
the polynomial expansion and a predictive n x 3 matrix of the explanatory
variables : the maximum wind speed (m/s), the freshwater flow integrated
over the last 15 days (m?/s/15days) and the dissolved oxygen rate measured
at the bottom (in percentages).

As it can be seen on figure 5, three different sources of variability accounting
for 99% of the total variance, are identified with functional PCA computed
on the polynomial coefficients of the expansion. If we denote as g the overall
mean function of the curves g;,i = 1, ..., 7332, the effect of the eigenfunction ¢;

associated to eigenvalue \; of the PCA can be displayed as g+ \/)\75 ; (Ramsay
and Silverman, 1997).

The first factor of variability involves a translation of the profile over the
range of salinity. The salinity is in fact strongly attached to the season where
sampling took effect : we call it mean effect. High mean values of salinity curves
are encountered in summer, lower values characterize winter samples when
the amount of freshwater released is high. This great part of the variability
demonstrates that the presence of the stratification doesn’t depend on the
season. The second source identifies shape variations of salinity. Profiles are
either straight from the surface to the bottom or they present a high curvature
near six meters, which confirms the presence of a strong stratification. The last
factor shows opposite movements of the salinity profile from the surface to six
meters.

A 10-fold cross-validated tree is grown using the whole set L restricting the
terminal nodes to have at least 200 observations (Fig. 6). In order to enlighten
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Fig. 6. Functional regression tree constructed over 7332 observations of salinity
profiles. Only 2 predictive variables appeared on this 3-splits-level tree. A terminal
nodes contains the number of observations and the predictive curve (black line). In
each terminal node, the result of the local PCA with the % of variability is displayed
for the 2 first components accounting for often more than 90% of the variability.

the relations between observations into a terminal node we performed a local
functional PCA. The effects of the first and the second eigenfunctions are
both displayed in each terminal node, containing the number of individuals
and the percentage of variability accounting for each score. For instance, the
extreme left terminal node 4 exhibits a vertical predicted profile 7, (black
curve) associated to high values of oxygen. The main part of the variability
(91.5%) in this node is essentially due to the mean effect (translated curves).

Interpreting the tree, the freshwater flow is the most important variable that
structure the system. Its influence involves essentially a mean effect of the
profiles, starting from vertical profiles on the left to high stratified one on
the right. The left and right parts of the tree oppose winter observations to
summer (high freshwater values to low freshwater values) The stratification is
always present in summer (right), when high values of freshwater are strongly
linked to the salinity profiles in winter. Node 5 shows an interesting feature of
salinity profiles enlightened by the PCA. The predicted function is a stratified
profile and yet vertical profiles and stratified profile are mixed in the same
node. This shows that the stratification cannot be completely associated to
low values of oxygen. The entire tree can be interpreted in the same way.
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Fig. 7. Improvement of predictive performances of the functional regression model
using bagged predictors. As the number of aggregated predictor increases the total
squared error decreases.

3.8 Aggregating functional trees.

The main drawback of regression trees is that slight modifications of the learn-
ing sample can lead to drastically different structure of the model. To test the
robustness of the tree structure, we construct an aggregated predictor by com-
bining multiple versions of the model constructed on bootstrap samples of L
so called bagging (Breiman, 1996). The bootstrap samples L,,b = 1,..., B are
replicated data sets each consisting of n individuals randomly drawn from L
with replacement. Over each bootstrap sample, we construct a functional pre-
dictor be (.) and give the bagged prediction ﬁ,ag (x) for a new observation x
as :

1 B

ﬁ)ag (X) - E Z be (X)

b=1

Before constructing the aggregated predictor, the data set is randomly parti-
tioned in two data sets : Lrg, a test set containing 10% of the data and L,
the learning set with 90% of the remaining data. The aggregated predictor
accuracy is evaluates on the test sample L.

Using 100 bootstrap samples (Fig. 7) the prediction error is computed from the
bagged predictor over the test sample. For this case study, we gain in prediction
accuracy. The improvement may appear to be slight, probably because the
trees constructed over the bootstrap samples are optimized by cross-validation.
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4 Conclusion.

In the context of predicting a functional response variable with regression
trees, we have chosen to represent the sampled response curves in a finite-
dimensional basis and to find the best projection of each curve onto this basis.
This transformation leads to a nice approximation of the generalized splitting
criterion reducing the functional problem to a simpler multivariate problem.
Finally, we have illustrated with numerical simulations that the functional
regression tree approach captures the true model even in the presence of sig-
nificant noise on the responses. For the case study considered here, we got a
satisfactory predictive model where the shape of the responses is well-classified
using the available explanatory variables. We improved the prediction accu-
racy with bagging.

Our approach relies on the choice and the dimension of the projection basis.
The choice of the basis may be guided by the shape and the properties of the
response curves data set. However, the number of basis functions is strongly
related to the number and the location of sampling points available for each
curve especially when coefficients are estimated by least quares.

A convenient alternative is first to apply a non-parametric smoothing to es-
timate the unknown response curves. In case of polynomials, the calculus
of |ly; —7,||° may be achieved thanks to quadrature rules. The problem of
sparsely sampled curves is thus tackled in the following way. First, each curve is
estimated with non-parametric regression on the discrete observations. Then,
we take quadrature points for which their location depends on the selected
quadrature scheme, using the nonparametric estimated curve as support. Fi-
nally, a tree is directly build on these points used as response variable. With
this method, and for sufficiently regular curves, the computational time is im-
proved regarding the number of basis coefficients. Moreover, this number can
be higher than the number of the initial sampled points and the problem of
curves sampled on unequally spaced grid is fixed as well.
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